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1. Introduction. H. C. Wang has completely clarified the structure of
compact homogeneous complex spaces with finite fundamental group. Such
a space is always a homogeneous complex space of a connected compact
semi-simple Lie group on account of a theorem of Montgomery, as it was
shown by Wang. Then he reduces his problem to the study of compact com-
plex coset spaces of complex semi-simple Lie groups, which he pursues by
means of Lie algebra [7]. The purpose of this paper is to give a different
(and more differential geometric) proof to the result of Wang. The main
difference between his method and ours is that we make a strong use of the
canonical 2-form associated to an invariant complex structure while he uses a
theorem of Morozoff concerning the conjugateness of maximal solvable sub-
algebras of a complex semi-simple Lie algebra. We begin with the study of a
wider class of homogeneous complex manifolds (not necessarily compact) by a
purely differential geometric method (Theorem A). Then we restrict our-
selves to the study of homogeneous complex manifolds of compact (not
necessarily semi-simple) Lie groups and reduce it, by utilizing elementary
properties of roots of compact Lie groups, to the study of homogeneous spaces
of connected compact semi-simple Lie groups by the centralizers of tori
(Theorems B and C). The invariant complex structures of a homogeneous
space of a connected compact semisimple Lie group by the centralizer of a
torus have been studied by various authors.

2. Definitions and statements of results. Let G/B be a homogeneous
complex manifold of a connected Lie group G by a closed subgroup B and
let 2n be the real dimension of G/B. Assume that G/B admits an invariant
volume element (i.e., a nonzero exterior differential form V of degree 2n
invariant by G). In terms of local coordinate system 2!, - - -, 2" on G/B,
V is expressed by

V=K(@zd*N\- - - ANd" NdZ' A - -- A dzn.
Set
Rz = 9% log K/9z792%,
p= (=12 Rids A\ dz*, (ie., p= (—1)1233 log K).

Presented to the Society, April 19, 1958, under the title On complex homogeneous spaces of
Lie groups; received by the editors January 19, 1959.

() The first named author was supported by an Office of Naval Research contract at the
University of Washington during the preparation of this paper; the second named author was
supported by National Science Foundation Grant at Massachusetts Institute of Technology.

233



234 JUN-ICHI HANO AND SHOSHICHI KOBAYASHI [February

The 2-form p is well defined (i.e., independent of choice of local coordinate
system) and is invariant by G. We shall call p the canonical 2-form of G/B.

THEOREM A. Let G/B be a homogeneous complex manifold of a connected
Lie group G by a closed subgroup B. Assume that G/B admits an invariant vol-
ume element V and let p be the canonical 2-form. Then there exists a unique closed
subgroup L (not necessarily connected) of G with the following properties:

(a) L contains B.

(b) L/B is connected.

Consider G/B as a fibre bundle over G/L with typical fibre L/B and with projec-
tion p defined in a natural way. Then

(c) The restriction of p to each fibre is identically zero.

(d) There exists a 2-form o of maximal rank on the base space G/L such that
p*(0) =p. (Hence, G/L is a homogeneous simplectic manifold.)

The subgroup L, characterized by the properties (a), (b), (c) and (d), possesses
also the following properties:

(e) L contains the connected component of the identity of the center of G.

(f) Each fibre of G/B is a complex analytic submanifold of G/B. (In par-
ticular, L/B is a homogeneous complex manifold.)

We shall show also that if L/B is compact, then it is complex parallisable.
If G is compact, our result is more complete. If G is compact, B has only a
finite number of connected components. Let B, be the connected component
of the identity of B. Then G/B, is a covering space of G/B with a finite num-
ber of sheets. Without loss of generality we may, therefore, assume B to be
connected.

THEOREM B. Assume G to be compact and B to be connected in Theorem A.
Then the subgroup L of G possesses the following additional properties:

(g) L/B is a complex torus.

(h) L is the centralizer of a toral subgroup of G.

(i) B is a C-subgroup of G. (In fact, the semi-simple part of B coincides
with that of L.)

() Rank G—Rank B=the real dimension of L/B.

(k) G/L admits an invariant complex structure such that the projection p is a
complex analytic map of G/B onto G/L. (Hence, G/B is a complex analytic
principal fibre bundle over G/L with L/B (a complex torus) as structure group.)

We recall the definition of C-subgroups due to Wang [7]. In general, a
connected closed subgroup B of a connected compact Lie group G is called a
C-subgroup if its semi-simple part coincides with that of the centralizer of a
toral subgroup of G.

In general, let G be a connected compact Lie group and T a toral subgroup
of G. Let C(T) be the centralizer of T in G. The invariant complex structures
of G/C(T) can be described in terms of roots of the Lie algebra of G and they
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are finite in numbers [2; 7]. The space G/C(T) is homogeneous Kaehlerian
[1] and even rational algebraic [3].
Finally, we shall prove the converse of Theorem B (i).

THEOREM C. Let G be a connected compact Lie group and B a C-subgroup
of G. Then G/B admits an invariant complex structure provided that dim G/B
is even. Moreover precisely,

(1) There exists a toral subgroup T of G such that the centralizer C(T) of T
contains B and that the semi-simple part of C(T') coincides with that of B.

(ii) Given an invariant complex structure on each of G/C(T) and C(T)/B,
there exists a unique invariant complex structure on G/B such that G/B is a
complex analytic principal fibre bundle over G/C(T) with group C(T)/B.

In the course of proof of Theorem B(k) and Theorem C, we describe
completely the invariant complex structures of G/B in terms of roots of the
Lie algebra of G.

Concerning the statement (k) of Theorem B, we do not know whether,
without the assumption that G be compact, G/L admits an invariant complex
structure such that G/B is a complex analytic fibre bundle over G/L with
fibre L/B. In the proof of (k) we were unable to avoid the use of roots.

3. Preliminary lemmas. Let M be a complex manifold (not necessarily
homogeneous) and V a volume element of M. Define the 2-form p as in §2.
To each infinitesimal transformation (i.e., real vector field) X of M we assign
a 1-form px as follows:

px = «(X)p,

where ¢ denotes the interior product. We define a real valued function 8X,
called the divergence of X by

6(X)-V =8X-V,

where (X) is the Lie derivation with respect to X.
Let X be an infinitesimal transformation of M leaving the complex struc-

ture J invariant. In terms of local coordinate system 2, - - - , 2",
X = 2 &(3/0s) + X Ei(3/0),
where each £/ is a holomorphic function in 2!, - - -, z* and § is the complex

conjugate of £. Let ¥ be an infinitesimal transformation of M. The following
formula of Koszul [6] can be verified by a straightforward calculation:

2(Y)(X)p = 6(Y)-(3JX) — 6(J¥)- (8X).

LemMA 3.1. Let X be an infinitesimal transformation of M leaving both the
complex structure J and the volume element V invariant. Then

2px = d(07X).



236 JUN-ICHI HANO AND SHOSHICHI KOBAYASHI [February

Proof. Let ¥ be any infinitesimal transformation of M. Then
2(Y)px = 2u(Y) u(X)p = 6(Y)-(8JX) = «(Y)d(8]X),

because of the Koszul’s formula and §X =0. Hence, 2px=d(6JX). Q.E.D.
For any infinitesimal transformations X and Y of M, the following for-
mula (the verification of which is trivial) holds:

sULX, Y] =000X)-(6Y) — 6(Y)-(87X).
LeEMMA 3.2. If both X and Y leave J and V invariant, then
2(V)px = — 8(J[X, Y]).

Proof. §(J[X, Y])=—0(V)-(8JX) = —2u(V)u(X)p= —2(V)px. Q.E.D.
4. Proof of Theorem A. Set M =G/B. Let T.(M) be the tangent space to
M at x. Define a subspace T, of T.(M) by

T = {v € T.(M); «()p = 0}.
As G is transitive on M, T. can be also defined as follows:
T = {v € T.(M); px(v) = 0 for all X in g},

where g is the Lie algebra of G. (We consider X as an infinitesimal transforma-
tion of M.) Let F(x) be the maximal integral submanifold through x defined
by the system of 1-forms {px; XEg}. By Lemma 3.1, F(x) is the connected
component of x of the following set:

{y € M; fx(y) = fx(x) for all X € g},

where fx=0JX. Hence, F(x) s closed. Let o be the point of M =G/B cor-
responding to B. Define

L = {s € G;s(F(v)) = F(0)}.
As F(p) is closed, L is a closed subgroup of G. The invariance of p by G implies
LeEMMA 4.1, s(F(x)) = F(sx) for all s in G and x in M.
As pisreal and of type (1, 1), T is stable under J, hence
LeEMMA 4.2. F(x) is a complex analytic submanifold of M.

Now, (a) follows from Lemma 4.1. Let x be any point of F(0). Take s€EG
such that s(0) =x. By Lemma 4.1, s lies in L. Hence, L is transitive on F(p),
ie.,

F(o) = L/B,

which proves (b).
Consider G/B as a fibre bundle over G/L with fibre L/B. By Lemma 4.1,



1960] A FIBERING OF HOMOGENEOUS COMPLEX MANIFOLDS 237

the fibre of G/B containing x is F(x). Hence, the restriction of p to each fibre
vanishes identically. Hence, (c).

Let Z be any infinitesimal transformation of M such that, at each xE M,
Z is tangent to the fibre F(x). Then

0(Z)p = d-U(Z)p + «(Z)-dp = 0,

because 1(Z)p=0 and dp=0. There exists, therefore, a (unique) 2-form ¢ on
G/L such that p*(¢) =p. From the definition of F(x), it follows that ¢ is of
maximal rank. As p is invariant by G, so is ¢, thus proving (d).

Let Y be any element of the center of g. By virtue of Lemma 3.2, the 1-
parameter group generated by Y maps each F(x) into itself. Therefore, ¥
lies in the Lie algebra of L, thus proving (e). Finally, (f) follows from Lemma
4.2,

Now, we shall prove the uniqueness of L satisfying (a), (b), (c) and (d).
Let L’ be a closed subgroup of G satisfying (a)-(d). From (b) and (c), it
follows that L’/B is contained in F(o0). From (d) it follows that L’/B actually
coincides with F(0). We can now easily verify that L'=L.

5. The case when L/B is compact. Let j be the injection of L/B into
G/B. Then

7*@p) =0 (i.e., 7*(39 log K) = 0).
As j is complex analytic,

0 = j*(39 log K) = 93(j* log K) = 9d(log j*K).

Hence
*K = f],
where f is a holomorphic function defined locally on L/B. Let Xy, - -+ -+, X,
be arbitrarily chosen elements of the Lie algebra g of G. Then
Xy =2y + Zy, k=1,---,n,

where each Z; is a holomorphic vector field on G/B and Z; is its complex
conjugate. Define a non-negative function ¥ by

¥ = (Z)(Z,) - - - (ZD)(Z)V.
Then, we can write locally
*(¥) = W

where ¥ is a holomorphic function defined in a coordinate neighborhood of
L/B. Hence, j*(¥) is plurisubharmonic. If L/B is compact, then j*(¥) is
necessarily a constant. Choose X3, - - -+, X, in such a way that Zy, - - -, Z,
are linearly independent (over the complex numbers) at the point o of G/B
and that X, - - +, X, belong to the Lie algebra of L where m is the complex
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dimension of L/B. Then ¥ is a nonzero constant on j(L/B). Hence
Zy, » - -, Zm, considered as holomorphic vector field on L/B, are linearly in-
dependent (over the complex numbers) at every point of L/B. Thus,

ProposiTION 5.1. If L/B is compact in Theorem A, then L/B is complex
parallisable.

Let N be the largest normal subgroup of L contained in B. Set L'=L/N
and B’=B/N. Then L' acts effectively on L'/B’=L/B. From a result of
Wang [8], it follows that L’ is a complex Lie group and B’ is a discrete sub-
group of L’. If L is compact, then L’ is a complex torus and B’ reduces to the
identity element. Hence,

PROPOSITION 5.2. If L is compact, then B is normal in L and L/B is a com-
plex torus.

6. Proof of Theorem B, (g), - - -, (j). Note that (g) is an immediate con-
sequence of Proposition 5.2. Let C be the connected component of the
identity of the center of G. By (e), L contains C. Set

G*=G/C and L*=L/C.

Then, G* is semi-simple and G*/L*=G/L. As G*/L* is homogeneous sym-
plectic by (d), L* is the centralizer of a certain toral subgroup T* of G* by a
result of Borel [1]. Let T be the toral subgroup of G such that 7/C=T*.
We shall show that L is the centralizer of T in G. Denote by g, |, ¢, etc. the
Lie algebras of G, L, C, etc. As G is compact, g (resp. [) is isomorphic to the
direct sum of g* (resp. I*) and ¢. From the fact that I* is the centralizer of
t*in g*, it follows easily that [=[*--cis the centralizer of t=t*+cin g=g*+c.
A theorem of H. Hopf states that the centralizer of a toral subgroup of a
connected compact Lie group is always connected. On the other hand, L is
connected. (Note that both B and L/B are connected.) Hence, L is exactly
the centralizer of T in G, thus completing the proof of (h).

Both (i) and (j) are immediate consequences of (g).

7. Determination of complex structure and proof of (k). Let G, B and L
be as in Theorem B. Let g, [ and b be the Lie algebras of G, L and B respec-
tively. As G is compact, there exists a positive definite symmetric bilinear
form ¢ on g which is ad. G-invariant. Let

(1) g=1+4+m,
(2) I=b+n
be the orthogonal decompositions with respect to ¢. Then
©) [t,w] C w,
4 [6,n] = o,

®) [n,n] = 0.
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Observe that (3) is trivial and that (4) and (5) follow from the fact that B
is normal in L and L/B is a (complex) toral group. Set

(6) m=1n+w. (Then,g =b-+ m, [b, m] C m.)

Let 7 be the natural projection of G onto G/B. Let 7x be the induced linear
mapping of g onto the tangent space To(G/B) to G/B at o=m(e), where e
is the identity of G. Then 4 is a linear isomorphism of m onto T4(G/B). Let
J be the tensor field on G/B defining the complex structure of G/B. The re-
striction of J to the point o induces an endomorphism I of m with the follow-
ing properties:

n r=-1
8 [Xx,I-Y]=1I]X, VY] Xehvrem
9 I'NX,V]ua—[I-X,Y]u—[X, ] YVju—I-[[-X,]-Y]n=0for X, ¥ €Em.

REMARK. In general, if G is a connected Lie group and B is a connected
closed subgroup of G and if there exists a decomposition of g such that
g=b+m and [b, m]Cm, then every invariant complex structure J on G/B
induces an endomorphism I of m satisfying (7), (8) and (9); and, conversely,
every endomorphism I of m satisfying these conditions comes from an invari-
ant complex structure J on G/B.

Let g° (resp. b, m°, etc.) be the complexificatjon of g (resp. b, m, etc.).
We extend I to a complex endomorphism of m® in a natural manner. Let m*
(resp. m~) be the eigen space of I belonging to the eigen value (—1)!/2
(resp. —(—1)1/2), Then me is a direct sum of m* and m~. In terms of b,
m+ and m~ we can express (8) and (9) as follows [5]:

(&) [bs, m*] S m*,  [bs, m~] C m-,
9" Both b¢ 4+ m* and b° + m~ are subalgebras of g°.
Since L/B is a complex analytic submanifold of G/B, u is stable by I:
(10) I(n) =n.
Hence
(11) n=nt+n, nt=mtrNn, n=mNne

Let bs be a Cartan subalgebra of b, i.e., a maximal abelian subalgebra of b.
Set

(12) h="0+n

Then ) is an abelian subalgebra of g by virtue of (4) and (5). On the other
hand, dim h=rank G by (j). Hence § is a Cartan subalgebra of g. Clearly,
be is a Cartan subalgebra of g°. We shall fix this Cartan subalgebra once for
all.
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Let D be the set of nonzero roots « of g° (with respect to the Cartan sub-
algebra ). Let D(b°) (resp. D(w°)) be the set of a&D whose root vectors
belong to be (resp. °). Clearly, « lies in D(b°) if and only if —a does. We have

(13) D = D(6°) U D(v°) (disjoint union).
Because [h, 5]Cb, [h, n]=0 and [h, w]Tw.

We set
(14) b =bi+n, b =h+n.
Then
(15) [5+, 6] S be,  [pF, m¥] S m*,

The first relation follows from (4). In order to prove the second one, it suffices
to show that [n*, m*]Cm+ because of (8’). From (3) and (5) we obtain that
[n, m]Sm. This together with (9’) implies that [n*, m*]Cm+.

We shall now prove the following

LeEmMA 7.1. If a and B are different roots with respect to the Cartan subalge-
bra b of g°, then the restrictions of a and B to b give different linear functions.

Proof. Otherwise, we would have
(a=—B) (Y —(—1Y2I-¥Y) =0  forall Vinm,
(a—BHX =0 for all X in bs.

Since G is compact, every root assumes only pure imaginary values on §.
Hence

(@ —pB)- Y =(—1)"2(a—B)-I-¥Y=0 forall Vinn.

As b is a direct sum of n and Bs, @ would agree with 8 on b, which is a contra-
diction.

Choose, for each a €D, a root vector E, in such a way that E, and E_,
are complex conjugate to each other, i.e., both Eo+E_gand (—1)Y*(E.— E_.)
belong to g. Let D(mt) (resp. D(m~)) be the set of «&ED such that E,&m*
(resp. E.&m™). Then

LEMMA 7.2. m* (resp. m™) is spanned by nt (resp. 1) and { E.; «€D(m+) }
(resp. {Eo; aED(m™)}).

Proof. From Lemma 7.1 it follows that there exists an element H* in h*
such that

a(H*) #= B(H*) if a # 6.
The eigen space of ad. H* belonging to any nonzero eigen value is of complex

dimension 1.
The subspace m*, stable under ad. H* (by (15)), is therefore spanned
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by m*tNMhe=n* and the root vectors E, contained in m*. Since m—, n— and
E_, are complex conjugates of m*, n* and E, respectively, m~ is spanned by
n~ and the E,’s such that —a&D(m*).

LemMA 7.3. If a&ED(mt), then
I'(Ea + E—a) = (—1)1/2(Ea - E—a)’
I.(—1)V*(E, — E_,) = — (E.+ E_,).

Proof. A trivial consequence of I-E, = (—1)Y2E, and I-E_,
=—(—1)12E_,.

LemMMA 7.4. (1) I-w=Mm.

(2) wt (resp. w™) is spanned by { Eq; a€ED(m*)} (resp. {E.,; a&ED(m") } ),
where Wt =mtMN (resp. W~ =m—MNw).

Proof. An immediate consequence of (13).

Let I’ be the restriction of I to w. By Lemma 7.4, I’ is an endomorphism
of w. We have
(16) I*=—1,
a7  [x,ryv]=r[x, Y], XEL YEMW.
(18) I'lX,Y]w—[I'X,Y]o—[X,I'V]o — I'[I'X,I'Y]s=0, X,V Emn.
The formula (16) follows from (7). The proof of (17) can be divided into two
cases: X &b or X&n. If XED, then (17) is a consequence of (8). If XEn and
Y=E.,+E_,or (—1)!*E,—E_,) where a€D(mt), then (17) can be verified
easily. Hence (17) holds for X&n and YEw by Lemma 7.4. The formula (18)
follows from (9). Therefore, I’ defines an invariant complex structure on

G/L, thus completing the proof of (k).
We are now in position to complete the proof of the following "

ProOPOSITION 7.5. There exists a fundamental system of roots ou, « - - , au
(where 1 is the rank of the semi-simple part of G) of g° with respect to b° such that
(1) a les in D(b°) if and only if it is a linear combination of o, - - - , o

where r is the rank of the semi-simple part of B.
(2) A root a belonging to D—D(b°) =D(m*+)\UD(m~) is positive with re-
spect to the ordering of D defined by ou, - - -, a; if and only if it is in D(m*).

Proof. It is well known that if @, 8 and a+8 are in D, then
[Edr Eﬁ] = N Eays,

where N, g is a nonzero constant. On the other hand, b*+m* is a subalgebra of
g°. Therefore, if a, BED(6°)UD(m*) and if a+BED, then a+BED(b)
UD(mt). It is easy to see that, for each €D, at least one of the roots +a
is in D(b*)\UD(m*). Hence, by a theorem of Borel [2, Corollary 4.10] and
Harish-Chandra [4, Lemma 4], there exists an ordering of D with respect to
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which all positive roots belong to D(bs)\UD(m*). Let oy, - - -, ; be the simple
roots. with respect to this ordering of D. By a change of numbering, we may
assume that ay, - - -, o, are the simple roots contained in D(b°). We shall
show that each a &€ D(b°) is a linear combination of e, - + « , @,. Assuming the
contrary, let a be the least positive root in D (b°) which can not be so written.
Then a can not be simple. Hence, a =f3-+7y where 8 and v are positive roots.
Since B8 and v are positive, they are in D(b%)\UD(m*). We shall prove that
they are actually in D(b°). Assume that at least one of them, say v, is in
D(mt). Then —B= —(8+%)++v would be in D(m*) because — (8+7v) ED(b°)
and [b, m*]Cm*. Hence, BED(m~) which is a contradiction. As 8 and ¥y
are less than «, they are linear combinations of ey, - - -, &, thus proving our
assertion. Evidently, every linear combination of a1, - - -, o, belongs to
D(b°). The second half of the proposition follows from the definition of
ay, **°, Ay Q.E.D.

8. Proof of Theorem C. (i). The proof is due to Wang (cf. (7.1) of [7]),
although we do not assume G to be semi-simple. Let U be the subgroup of G
consisting of those elements which commute with every element of the semi-
simple part B, of B. Let T be a maximal torus of U containing the identity
component B, of the center of B. Evidently, both B, and B, are contained in
C(T). As B is a semi-direct product of B, and B,, B is contained in C(T). We
shall see that (C(T)),=B,. (We always denote by (*), the semi-simple part
of (¥).) As B is a C-subgroup, there exists a toral subgroup 7’ of G such that
(C(T")),=B,. Obviously, T” is a toral subgroup of U. By a theorem of Hopf,
there exists an element « of U such that «T’4~*CT. Then

uC(Tu! = C(uT'u) D C(T),
B, = uBu ! = u(C(T)) ™ = (CuT'u1))s DO (C(T))..
On the other hand, C(T) DB, because T C U. Hence
(C(T)). D B..
(ii) Let L=C(T) and
g=I1+w, I[=b+n, m=w+n

be the same dfcomposition as in §7. Then as the semi-simple part of B coin-
cides with that of L, n is contained in the center of I. Hence

[6,n] =0, [n,n]=0.

The proof of (ii) is reduced to that of the following statement:

Let I' be a linear endomorphism of W satisfying the conditions (16), (17) and
(18) of §7. Let I' be a linear endomorphism of n such that I''*= —1. Then the
endomorphism I=I'+I" of m=w-+n satisfies the conditions (7), (8) and (9)
of §7.
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While the verification of (7) is trivial, that of (8) will be divided into two
cases:

If X&b and YEWw, then (8) is a consequence of (17).

If XEb and YEn, then (8) is a consequence of [b, n]=0.
We divide the verification of (9) into four cases: (i) X, YE€n; (ii) XEn and
YEw; (iii)) XEW and YEn; (iv) X, YEW. The case (i) is trivial (note
[n, n]=0). In the case (ii), (9) follows from (17); in fact, the left hand side
of (9) is the sum of I-[X, V]—[X,I-Y]and —(I-[I-X, I-Y]+[I-X, Y])
both of which vanish because of (17). The case (iii) can be treated in the same
way. Finally, we consider the case (iv). By virtue of (18), we have only to
show that

IN[X, Vs - [I- X, Ya = [X, I- Y]a = I-[[-X,I-Y]s =0 forX, Y Em.

Our Lemma 7.2, applied to the complex homogeneous manifold G/L, states
that W+ (resp. ) is spanned by {E.; aED(wH)} (resp. {Ea; a€ED(w)}).
Now, the above formula can be verified by a straightforward computation
making use of Lemma 7.3 and of the fact that if o, B€D and a+8 #0 then
[Eay Eg]=Nasp: Eays.

Thus, the study of invariant complex structures on G/B is reduced to the
study of invariant complex structures on G/C(T). The existence of invariant
complex structures on G/T(C) can be proved by reversing the process of §7.
We shall not give the complete proof here as we can find it in [7].
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